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Abstract 
In this paper McGibbon-Neisendorfer’s Serre Conjecture Theorem is improved. As 
corollaries, we apply our results to the homotopy groups of H-spaces. 
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1. Introduction 
Let p be a prime number. McGibbon and Neisendorfer have proved the 
following theorem, resolving in the affirmative a conjecture of Serre on the 
nontriviality of the torsion in the homotopy groups of simply-connected, finite 
complexes [lo]. 
Theorem 1 [6, Theorem I]. Let X be a l-connected space such that 
(iI H,,(X; Zp) f 0 for some n > 0, and 
(ii) H,(X; Zp> = 0 for all n sufficiently large. 
Then for infinitely many n, r,,X contains a subgroup of order p, i.e., Tor(r,,X, Zp) 
# 0. 
An obvious example which satisfies the hypotheses (i) and (ii) but not the 
conclusion of Theorem 1 is a finite product of l-spheres. So it would be reasonable 
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to conjecture that Theorem 1 remains true with certain conditions on the funda- 
mental group. In [9] Oda and Yosimura improved Theorem 1 as follows. 
Theorem 2 [9, Theorem 31. Let X be a connected nilpotent CW-complex such that 
(i) H,X@Zp”=O, 
(ii> H,(X; Zp) # 0 for some II > 0, and 
(iii) H,,(X; Zp) = 0 for all n sufficiently large. 
Then for infinitely many n, Tor(r,,X, Zp) # 0. 
On the other hand, the author proved the following result in [ll], which is also 
an improvement of Theorem 1. 
Theorem 3 111, Theorems B and C]. Let X be a connected nilpotent CW-complex. If 
X satisfies one of the following conditions: 
(1) (i> p : rr,X --f r,X is not injective, and 
(ii> H,,(X; Zp) = 0 for all n sufficiently large. 
(2) 6) p : rr, X --f Z-,X is bijective, 
(ii> H,,(X; Zp) f 0 for some n > 0, and 
(iii) H,(X; Zp) = 0 for all n sufficiently large. 
Then for infinitely many n, Tor(rr,,X, Zp) # 0. 
This theorem is more precise than Theorem 2 since H,X @ Zp” = 0 implies that 
p : r,X + ~T,X is not injective or bijective for a connected nilpotent CW-complex 
X. This is based on the following proposition. 
Proposition 4. If G is a nilpotent group with H,(G; Zp”) = 0, then either G contains 
a subgroup of order p or multiplication by p is a bijection on G. 
The above theorems made crucial use of the following “Sullivan Conjecture” 
Theorem of Miller. 
Theorem 5 [7, Theorem C]. Let X be a connected nilpotent space such that 
H,,(X; Zp) = 0 for all n sufficiently large. Then map ,(BZp, X) is weakly con- 
tractible. 
In this paper we weaken the nilpotency requirements in Theorem 3 in two ways; 
in condition (1) we drop the requirement that rr,X be nilpotent and assume only 
that it acts nilpotently on the higher homotopy groups of X. In weakening 
condition (2) we assume again that rr,X is nilpotent but require only that its action 
on the higher homotopy groups be nilpotent after localizing them at p. We also 
show that the assumption that rr,X is l/p-local in condition (2) can be weakened 
to the assumption that the mod p homology of rr,X is trivial. The results just 
described are Theorems A and B of this paper. In Theorem C we apply these 
results to finite dimensional H-spaces. We work in the category of pointed 
CW-complexes. 
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2. Main results and proofs 
Proof of Proposition 4. Let P be the set of primes complementary to {p}. Then the 
short exact sequence 
induces an exact sequence 
0 + Tor( H,G, Zp”) + H,G 5 H,G(,, + H,G @ Zp” + 0, 
where e : G + GCpj is the P-localization of G and Zcp, the P-localization of Z, the 
Abelian group of integers. If H,G ~3 Zpm = H,(G; Zpm> = 0, then e, : H,G -+ 
H,G,,, is an epimorphism. This implies that e : G + GCpj is also an epimorphism. 
Note that ker e is the p-torsion subgroup of G. If G does not contain a subgroup 
of order p, then e : G --+ GCpj is an isomorphism, i.e., G is P-local. It follows that 
multiplication by p is a bijection on G. 0 
A connected space X is said to be [ BZp, ] * -trivial if [,SkBZp, X] * = 0 for all 
k 2 0 [93. Miller’s “Sullivan Conjecture” Theorem [7, Theorems A and C] asserts 
that connected finite dimensional spaces and spaces satisfying Theorem 5 are 
[ BZp, ] * -trivial, since [,SkBZp, X] * z [Sk, map * (BZp, X)] .+ for all k 2 0. 
At first we have the following proposition, although it has been done in [6] when 
X is l-connected and H,(X; Zp) = 0 for all n sufficiently large. 
Proposition 6. Let X be a connected space which is [ BZp, ] .+ -trivial. If r,,(g; Zp) 
# 0 for some n > 2, then for infinitely many n, Tor(r,,X, Zp) # 0 where d is the 
universal cover of X. 
The proof of this proposition is essentially the same as that of McGibbon and 
Neisendorfer. The only difference in the argument is that we need prove that the 
p-localization Xc(p, of X is [BZp, I*-trivial. This follows from the following 
lemma, and note that X is [ BZp, ] * -trivial when X is [ BZp, ] * -trivial. 
Lemma. Let X be a connected nilpotent space. Then the p-localization e : X-fXCpj 
induces a weak homotopy equivalence 
e, : map, (B-Q, X) - map * ( BZP, Xc,,). 
A 
Proof. Let 77 : X-)XCpj be the p;completion of X. By [7, Theorem 1.51, 
V* : map,(BZp, X1 -j map,(BZp, Xc,,> is a weak homotopy equivalence. Note 
that the p-completion 7 : X--f &, is the composite of the p-localization e : X + 
198 Shen Wenhuai/Topology and its Applications 55 (1994) 195-202 
XCp, and the p-completion 17 : Xo,, -+Xo,). So we have the following 
commutative diagram 
map,(BZp, Xl2 map,(BZp, Xcp,)L map,(BZp, 2cp,). 
I 
=w 
O* T 
homotopy 
= 
w 
Then e * :map,(BZp, X1 + map,(BZp, XC,,> is a weak homotopy equivalence. 
0 
A connected space X is said to be 2-conilpotent if r,X acts nilpotently on r,X 
for all iz 2 2. Then X is nilpotent if and only if r,X is nilpotent and X is 
2-conilpotent. 
Theorem A. Let X be a connected 2-conilpotent space such that 
(i) p : QT,X + v,X is not injective, and 
(ii) X is [ BZp, ] * -trivial. 
Then for infinitely many n, Tor(rnX, Zp) # 0. 
Proof. That p : rlX + rlX is not injective means that there exists an essential 
map_ f: K(Zp, 1) -+ K(x,X, 1). From Proposition 6, it is sufficient to prove 
r,JX; Zp) # 0 for some n 2 2. Suppose that rrJX; Zp) = 0 for all n G= 2. Then 
7~,,X@Zp=Tor(r,,X, Zp) =0 
for all n > 2 by [8, Proposition 1.41. By [4, Theorem 3.61, X is 2-conilpotent if and 
only if the Postnikov system of X admits a principal refinement at stage n for 
every n > 2. So the obstructions to lifting f up the Postnikov system of X to a map 
fm : KCZP, 1) -+ x take values in cohomology groups fi*(K(Zp, 1); 
&a X/T ‘+‘rrnX) for all n > 2 and 1 < i < c(n). Note that rCCn)+‘rnX is zero for 
all y1 & 2. If 
E*(K(Zp, 1); ri?r~X/T’+‘7~X) =o, 
then there is a contradiction since X is [BZp, ] *-trivial. Note that r,,X @ Zp = 
Tor(rrnX, Zp) = 0 for all n 2 2 implies 
( rin,X/TitlrnX) 8 Zp = Tor( TirnX/Ti+‘rnX, Zp) = 0 
for all n 2 2 and 1 G i =G c(n) (cf [3, Theorem 5.61). Therefore the obstruction 
groups 
I?*(K(Zp, 1); ri?T~x/T’+‘?T~x) = 0 
by the universal coefficient theorem for cohomology. q 
Theorem B. Let X be a connected space such that 
(i> H,(K(r,X, 1); Zp) = 0 for all n > 0, 
(ii> HJX; Zp) # 0 for some n > 0, and 
(iii) X is [ BZp, ] *-trivial. 
Then for infinitely many n, Tor(r,,X, Zp> # 0. 
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Proof. By Proposition 6, it is sufficient to prove ~~(2; Zp> z 0 for some IZ > 2. 
Suppose that ~~(2; Zp) = 0 for all rz 2 2. Let P be the set of primes complemen- 
tary to {p}. By [5, Theorem 3.21, the fibration sequence X+X + K(r,X, 1) 
admits the fibrewise localization at P, i.e., there exists a fibrewise map /? : X - Xfp, 
which induces a P-localization on the fibres 
x------, x- K(Tr,X, 11 
ei 1 
P 
(I 
40 -xf (0 - KC%-,X, 1). 
~~(2; Zp) = 0 for all IZ 2 2 implies that e : 2 + TT?~~, is a homotopy equivalence, 
and thus so is p : X + Xfp,. Therefore 
P* : K(X; a> -+ H,(Xfp,; -0) 
is an isomorphism for all n > 0. Note that 
H,(Xfp,; Zr)) -H,(K(r,X, 1); ZP) 
is also an isomorphism for all n > 0 by [8, Corollary 3.111. So 
k&(X; Zp) =o 
for n > 0 by condition (i). This is a contradiction to condition (ii). 0 
Remark. It is clear that H,(K(r ,X, 11; Zp) = 0 for all II > 1 if r, X is nilpotent 
and p : r,X + r,X is bijective. The following proposition shows that Theorem 5 
remains valid if X is a connected p-nilpotent space. Then the following is derived. 
Corollary 7. Let X be a connected p-nilpotent space such that 
(i) p:r,X-+r,Xis bijectiue, 
(ii> H,,(X; Zp) f 0 for some n > 0, and 
(iii> H,(X; Zp) = 0 for all n sufficiently large. 
Then for infinitely many n, Tor(x,,X, Zp) # 0. 
Definition. A connected space X is said to be p-nilpotent if 7,X is nilpotent and 
r,X acts nilpotently on TAX@ Zcp, for all n > 2, where Zcp, is the integers 
localized at p. 
Note that any element in TAX 8 Zcp, has form b ~3 l/r for b E rrnX and p % r. 
Then 7~rX acts on TAX@ Zcp) by the rule a. (b @ l/r) = (a . b) @ l/r, a E r,X, 
b E rnmX and p % r. So a connected nilpotent space is p-nilpotent. 
Proposition 8. Let X be a connected p-nilpotent space such that H,,(X; Zp) = 0 for 
all n sufficiently large. Then map,(BZp, Xl is weakly contractible, i.e., X is [BZp, 
] y -trivial. 
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Proof. By [5, Theorem 3.21, the_re exists a fibrewise map /3 : X + XfP, which induces 
a p-localization on the fibre X 
x- x------, K(7Tix, 1) 
ei I 
P 
I/ 
%(P, - XL - K(rr,X, 1). 
This implies that p* : T,X + TAX&, is an isomorphism and p* : ~T,X + rrnXfP, 
p-localizes for all IZ 2 2, i.e., 7rnXfP, E 7rnX@ ZcPj for all n > 2. Then X is 
p-nilpotent iff XL, is nilpotent. 
Note that e : X + XcP, induces an isomorphism for all II > 1, 
e, :H,(X; ZP) +Hn(XcPj; ZP). 
Then the homomorphism induced by p on the Serre spectral sequence with local 
coefficients 
H,W(?T,X, l);H,(X; ZP)> - H,+,(X; ZP) 
H,(K(77,X, ZP) 
is an isomorphism at the E,-level. It follows that 
P* : f&(X; -a> +K(Xf& 0) 
is an isomorphism for all 12 > 1. Since H,(X; Zp) = 0 for all IZ sufficiently large, 
map * (BZp, X&)1 is weakly contractible by Theorem 5. 
Consider the following homotopy commutative diagram 
x&x m- * 
ifi? 1 
x- (P) f -K(TrlX, 1) 
in which the big square and the right square are homotopy pullbacks. Then the left 
square is a homotopy pullback. This means, of course, that e and p have the same 
homotopy fibre F (up to homotopy). Now apply map * (BZp, ) to the fibrations 
F-X~Xcpj and F- x--f+ x&,. 
The result 
map,(BZp, F) - map,(BZp, X) - map,(BZp, Xc,,) 
and 
map,(BZp, F) - map,(BZp, X) p+ map,(BZp, Xif,,) 
are also fibrations. Then map *(BZp, F) is weakly contractible by the above 
lemma, and so map * (BZp, X) is weakly contractible. 0 
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It is obvious that a finite product of l-spheres, i.e., X = S’ X . . . x S’ does not 
satisfy the hypothesis and the conclusion of Theorem 3, and H,(X; Zp) = 0 for all 
IZ > rank rr,X. But XX S3 satisfies the conclusion but not the hypothesis of 
Theorem 3, and H,(XX S3; ZP) # 0 for some II > rank r,X. These are treated to 
some extent in the following theorem. 
Theorem C. Let X be a connected H-space with fundamental group r,X = F x T 
(where F is a free Abelian group of finite rank and T a torsion group) such that 
(i> H,(X; Zp) f 0 for some n > rank r,X, and 
(ii> H,(X; Zp) = 0 for all n sufficiently large. 
Then for infinitely many n, Tor(n-,,X, Zp) # 0. 
Proof. By [2], an H-space X is the product of a torus, whose dimension is equal to 
the rank of its fundamental group, with an H-space Y with torsion fundamental 
group, i.e., 
X=T rank a,XX y. 
From the conditions 61 and (ii> of this theorem, it follows that H,(Y; Zp) # 0 for 
some n > 0 and H,(Y; Zp) = 0 for all II sufficiently large. Since n-,Y is a torsion 
group, and an H-space is nilpotent, by Theorem 3, Tor(rEY, Zp) # 0 for infinitely 
many 12. Note that rrnX G T~,Y for all n > 2. Then for infinitely many n, 
Tor(rnX, Zp) # 0. 0 
Corollary 9. Let X be a connected finite H-space. Then only one of the following 
three statements is true. 
(i) X is a contractible space, 
(ii) X has the homotopy type of a torus, and 
(iii> there are infinitely many n such that Tor(r,,X, Zp) # 0. 
Proof. Note that X z Trank vlx X Y in Theorem C. If H,X = 0 for all i > rank rrX, 
then Y is a contractible space. Thus X is a contractible space (if rank rrrX= 0) or 
X has the homotopy type of a torus (if rank r,X f 0). If H,X f 0 for some 
i > rank T,X, then, by [l, Corollary 7.21, H,Xn ZO for some m > i and H,_,X 
is free. Hence HJX; Zp) = Zp. By Theorem C, Tor(rnX, Zp) # 0 for infinitely 
many n. 0 
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